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Abstract 

We construct tachyon vacuum and half-brane solutions, using an extension of 
KBc algebra, in the theory around a type of identity-based marginal solutions in 
modified cubic superstring field theory. With explicit computations, we find that 
their vacuum energies are the same as those of corresponding solutions around the 
original theory. It implies that the vacuum energy for the identity-based marginal 
solution vanishes although straightforward computation of it is subtle. We also 
evaluate the gauge invariant overlaps for those nontrivial solutions. The values for 
them are deformed according to the marginal solution in the same way as the case 
of bosonic string field theory. 



1 Introduction 



In a recent development in string field theory (SFT), so called KBc algebra ppj is often used 
because of its algebraic simplicity in order to construct classical solutions and evaluate 
gauge invariants. In [2], the authors have investigated u K'Bc algebra," where the Kato- 
Ogawa BRST operator Q B and a string field K = {Q B ,B} are replaced by Q' and 
K' = {Q',B}, respectively, in KBc algebra. Here, Q' is the BRST operator in a theory 
around a class of identity-based marginal solutions [3J [U E| in bosonic open SFT. Using 
K'Bc algebra, the tachyon vacuum solution on the deformed background was constructed 
as in [6] and vacuum energy and gauge invariant overlap are evaluated explicitly. It turned 
out that the value of vacuum energy does not change. But the expression of the gauge 
invariant overlap is deformed appropriately. In particular, for a closed tachyon vertex, a 
phase factor appears and it is the same value as that evaluated in [7] using a different 
method. 

In this paper, we extend computations performed in [2] to the NS sector of modified 
cubic superstring field theory (SSFT) [H [9j [10] without GSO projection. In the case of 
superstring, KBc algebra with a string field 7 was applied to a construction of tachyon 
vacuum solution [IT] and its variants [121 [T3J [TJJ [US HE]- It was further extended to 
"GKBcy algebra" by including a string field G, such as G 2 = K, made of superconformal 
generators and then half-brane solutions, whose vacuum energy is half of that of the 
tachyon vacuum solution, were constructed [I7J. In this context, we explore G'K'Bcry 
algebra, where Qb, K and G are replaced by Q', K' = {Q', B} and G' (such as G' 2 = K'), 
respectively, corresponding to K'Bc algebra in the bosonic case [2]. Here, Q' is the BRST 
operator in a theory around a class of identity-based marginal solutions in modified cubic 
SSFT [SjO Around an identity-based marginal solution tyj, which is constructed using 
a supercurrent algebra, we have an explicit expression of a deformed BRST operator Q' . 
Using G'K'Bcry algebra, we can construct various solutions to the equation of motion, 
Q'Q + <3> 2 = 0, in the NS sector without GSO projection. In particular, we focus on a 
tachyon vacuum solution and a half-brane solution in the marginally deformed background 
and we evaluate the vacuum energy and gauge invariant overlaps for them. The results are 
similar to the bosonic case: The vacuum energies are the same as those for corresponding 
solution in the original theory. The values of the gauge invariant overlap with a closed 
tachyon vertex change by a phase factor just as in [2]. We find that the vacuum energy 
and the gauge invariant overlap for the half-brane solution in the marginally deformed 
background are half of those for the tachyon vacuum solution, respectively. These results 
are consistent with our expectation that the vacuum energy for the identity-based solution 
\I/ j vanishes and it corresponds to a marginal deformation. 

This paper is organized as follows. In the next section, we will develop G'K'Bcry 
algebra in a theory around a particular identity-based marginal solution. In £J3] and 
§U we will calculate vacuum energy and gauge invariant overlap for a tachyon vacuum 
solution and a half-brane solution. Then, we will give some concluding remarks in £j5j In 

1 In SSFT, other types of marginal solutions based on wedge states are also constructed [HI HH [20l 
[2TJE2], but identity-based solutions are suitable for our purpose. 
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appendix |XJ we will present our conventions including a brief review of GKBcy algebra. 
In appendices [B] and [Cj we will show technical details. In appendix [Dj we will discuss the 
gauge invariant overlap with a closed tachyon vertex and a field redefinition induced by 
the identity-based marginal solution as in [7]. 



2 A version of GKBcy algebra and classical solutions 
in a marginally deformed background 

Here, we give a version of "GKBcy algebra" developed in |17f^l in the theory around an 
identity-based marginal solution. Using this algebra, we can construct classical solutions 
including GSO(— ) sector easily as in the original theory. 

First of all, we consider a theory around a particular identity-based solution which 
is given by 

#j = -Vl{F a )I + l -n ab C L {F a F b )I, (2.1) 

o 

VIU)=( ^^=f(z)(cJ a (z) +1 nz))> C L {f)=( ^f(z)c(z), (2.2) 

where F a (z) is some function such as F a (— 1/z) = z 2 F a (z), Cl denotes a half unit circle: 
\z\ = l,Rez > and I is the identity state. In ( 12.1 j) . the repeated indices, a, b, are 
contracted. The above \P j satisfies the equation of motion to modified cubic SSFT in the 
NS sector because we can show 

Q b ^j + ^j*^j = 0. (2.3) 

Actually, \P j = e~* J <5Be* J holds, where $j = —V£(F a )I is an identity-based marginal 
solution to Berkovits' WZW-type SSFT investigated in [5]. Here, we suppose that 
J a (z,9) = ip a (z) + 9J a (z) is a supercurrent associated with a Lie algebra, where a is 
its index, in the matter sector. Its component fields satisfy following operator product 
expansions (OPE) [23] : 

r(yW\z) ~ —l^ b , J a (y)Az) ~ J—r b c ^( z ), (2.4) 
y- z2 y-z 

J a {y)J\z) - r^l Qab + —f ab c J c (z), (2.5) 

[y-z) 2 2 y-z 
where constants Q ab , f ab c satisfy following relations 

Q ab = Q ba^ jabbed + pd^cb = 0> ( 2£ j 

f ab c = ~f ba ci r b df Cd e + f bC df ad e + f Ca df M e = 0- (2.7) 

2 See appendix [X] for a review and our conventions. 
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By re-expanding the NS action of modified cubic SSFT around the solution \&j (12. ip . 
the BRST operator is deformed as 

Q' = Qb + • }* 

= Q B - V a (F a ) + ln ab C(F a F b ), (2.8) 

o 

where V a (F a ) and C{F a Fi > ) are given by integrations along the whole unit circle, \z\ = 1: 
V a (f) = $ |^/(z)(cJ a (*) + ir{z)\ C(f) ee j ^~f(z)c(z). (2.9) 
The superconformal generators, L' n , G' r , corresponding to the above Q' (I2.8p are given by 

* fcez kez 
G' r = [Q'^ r ] = Gr -^=J2 F ^r-k, (2.H) 

where we define the coefficients as F ayn = § <£- e l ( n + 1 )° ' F a (e la ) and then F a (—l/z) = z 2 F a (z) 
implies F a>n = —(—l) n F a _ n . Only the matter sectors of them are deformed and the 
central charge is not changed. Replacing L n , G r in K\ ( 1A.9I) and Ql ( 1A. 1 21) with L' n , G' r , 
respectively, we define K[ L , Q' L and string fields K',G': 

K' = ^K[ L I, G' = Q' l Ig x (2.12) 

as in (IA.8I) . (I A . 1 1 h . Here, o\ in G' is a Chan-Paton factor, which is involved to treat a 
theory without GSO projection. Because of Q'\I) = 0, we have 

K',11) = (Q'B 1 + £iQ')|/> = 0, (2.13) 

Q'\i) = - = °' ( 2 - 14 ) 

where K[ and Q' are defined by replacing L n ,G r with L' n ,G' r in J^i = {<3b,-Bi},(? = 
a/I'IQb, respectively. The above relations are consistent with a deformed version of 

= - = 5'$ = G'$ - (-) F( * ) $G / = (2.15) 

where (— ) F (*) is a sign factor due to worldsheet spinor. Attaching a Chan-Paton factor o~3 
and using a notation Q' = QV3, we have a deformed version of GKBcy algebra reviewed 
in appendix [AJ 

G' 2 = K', Q'B = K', Q'K' = 0, Q'G' = 0, (2.16) 
Q'c = cif'c - 7 2 = cKc - 7 2 , (2.17) 
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BG' = G'B, BK' — K'B, G'K' = K'G', (2.18) 
5'c = 2z 7 , <J' 7 = - % -&c = ~dc, 5'G' = 2K', 5'K' = 0, 5'B = 0. (2.19) 
We also note that 

1 

Q 7 — Ql — C ®1 ~~ 2\^ c )li = ~(9j)c, 7<9c = —{dc)j. (2.20) 

In the following, we call the above relations among string fields as G'K' Bey algebra, 
which is the same form as GKBcy algebra. We will use the above relations extensively 
in various calculations. 

Let us consider the action «S"[$], which is obtained by re-expanding around ^ja 3 , 
where 03 is the Chan-Paton factor for GSO(+) string field (1A.3|) in the NS action without 
GSO projection ( 1A.1I) . More explicitly, it is defined by 

S'[$] = S[$ + y,ja 3 } - S[Vja 3 ] 

= l^Q'n + l^ 3 ))- (2.21) 

The equation of motion of 5"[$] i£^ 

Q'$ + $ 2 = 0. (2.22) 

Using the method in [17] with G'K' Bey algebra instead of GKBcy algebra, we can easily 
construct a class of solutions to (12. 22ft : 

*r = a/7 7 ( c T^rp c + a/7 7 = a/7 7 ( c r^f Bc + ^( fic )) vT 7 , (2.23) 

where /' is a function of G', noting K' = G' 2 . 

In the following sections, we consider two solutions, which correspond to /' = ^ (a 
tachyon vacuum solution $t) and /' = 1 * G , (a half-brane solution $#). More explicitly, 
they are given by 



$ T = -=== [c + Q'(Bc) )-—==, (2.24) 
VI + K' V ^ K 'J y/l + K' 

$ H = - 1 (-icG'Bc + Q'{Bc)) - 1 (2.25) 

VI + iG' V ^ v V VI + V ; 



3 Vacuum energy of the solutions on the marginally 
deformed background 

In this section, we evaluate the vacuum energy, or the value of the action, for solutions 
$t ( 12.24ft and ( 12.251) in the theory given by the marginally deformed action ( 12.21 f) . In 

3 In this paper, we ignore the kernel of the picture changing operator with picture number (—2), Y—2, 
for simplicity. See |24j for a recent argument. 
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general, for a solution <3>j/ (I2.23P to the equation of motion (12.221) . the value of the action 
is computed as 

S'[<S> f ] = l^rQ'^r)) = \^^BcfQ'{c^jB^f')), (3.1) 



using G'K'Bcy algebra and a deformed version of (1A.4|) and (1A.6I) : 



Q'(m) = (Q'$)V + (-l^+^^Q'^), (3.2) 
«#("0» = 0, (3.3) 

where (— is a sign factor from Grassmannality of 
3.1 Tachyon vacuum solution 

In the case of /' = t^kj, namely, $ T (I2T24D . the expression of (13. ip is simplified as 

S'M = licj^ScBc - = -l^-L^c-L^)). (3.4) 

In the second equality, we have used the form of the picture changing operator Y_ 2 defined 
in CO) . 

In order to define the inverse of a string field I + K', which is denoted by 1 ^ , we 
use the following expression: 

1 /.no 

dte-^ 1+K '\ (3.5) 



l + K> 

Here, K' can be rewritten as 



n 



K' = K - J + ^CI, (3.6) 



7T 



j=~i dtmuj^m, ut) = ^ a ^+f)) (3 . 7) 

2 j^-oo 27rv2cos 2 («t + ~J 

C = / ^(1 + z 2 )— F a (z)F 6 (z) = - / dtn ab f a (t)f b (t). (3.8) 



Using the expansion formula (1B.4[) and the methods developed in [25J, the order term 
of e~ tK+tJ is computed as 



e -tK+tJ 



o(J N ) 

pl fl — Ul pi — Ul— U2 M]V-1 

duJ du 2 ---\ du N t N e- t{1 - ul - U2 -- UN)K Je~ tUlK Je U2X ■ ■ ■ Je~ tUNK 

Jo Jo Jo 

/>1 r\ — u\ rl — Ui — U2 u N — l /*oo /»oo poo 

t N dui du 2 ---j du N \ dhfa^tx) dt 2 f a2 (t 2 ) ■ ■ ■ / dt N f aN (t N ) 

Jo Jo Jo J-oo J-oo J-oo 



JV 

x l_U t+1 r^ itl + ^ yi )J a *(it 2 + ^y 2 ) ■ ■ ■ J a »(it N + jy N )\0), (3.9) 
where in the real part of the argument of J a \ yi (i = 1, 2, • • • , TV) are defined as 

JV N 

yx = 2ty^ j u k -t, y i = 2t s ^u k -t, y N = 2tu N - t. (3.10) 

k=l k=i 

Hence, Ui can be expressed using yi and the Jacobian is computed as 

1 1 11 

Mi = — (yi-^/2), Ui = —(yi - y i+ x), u N =—y N +-, (3.11) 

ffill^l^j = 2"^. (3.12) 
o(yi,--- ,y N ) 

Using the above, the integration in (13. 9p can be rewritten as 

-tK+tJ 



e 



\o(J N ) 

Tj-iV H ryi Mn-1 poo roo poo 

/ dyi / dy 2 ---\ dy N dti/ai(*i) / dt 2 f a2 (t 2 ) • ■ / dt N f aN (t N ) 

J —t J —t J — t J -co J —CO J — CO 



4/v 



t J —t J —t J— 00 J —oo J —CO 

x tw ai (^i + ^i)> 2 (zt 2 + ^2) ■ ■ ■ J aN (it N + ^y N )\o). (3.13) 

If we use an ordering symbol T with respect to the real part of the arguments of J ai in 
the above integrations, we have 

e-^ +tJ |o ( j-) = ^^mT^£rfn^rft7a(tO>(^ + ^)) |0>, (3.14) 
which implies the following expression of e~ tK ' = e ~ t ( K - J +^ CI ) : 

e -tK' = e -t%c(j t+iTexp ^ J du J™ d1?f a (lf) JP (it' +^u) > J |0). (3.15) 
Therefore, (\3A\i is computed as 

poo poo 
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S'[$ T ] = -l I dt I rfse-*- s (( 7 2 e-^'ce- sA ")), (3.16) 



Jo 



where the integrand can be rewritten as 



= ^ 2 (I\Y- 2 U t+s+1 f(l (t + s))K\{s - t)) 

x 



e _ (t+s) ic Texp j t+s du n dt >f a (j>}j*( it > + *x ) 

\ J —t—s J — 00 ^ / 



= ^(o|r( i oo)y(-zoo) T 2 (-)c(^ T ^) 

x e -(* +s )f c Texp (j'du j™dt'f a {t')J a {^ s +u)\j\Q), (3.17) 

using (13.151) . U\U r+ i = U r and A' Co 0(5)A~' Co = \ h (ft(\z) for a primary field with dimension 
h in the sliver frame. Furthermore, with (1A.7|) anqj 

(c(iM)c(-iM)c(z)) ~ l -e AM , (M -» +00) (3.19) 

8 

(5'(j(iM))5'(j(-iM))j(x)j(y)) jJ_cos(:r - j/), (M — »■ +00) (3.20) 



in the ghost sector, we have 



2 lim (5'(7( i M))5 / (7(-^M))7 2 (^)) /37 (g(^M)g(-^M)5(^^)) &c 



7T 2 A/^oo V WV " WV V 2 //P7V V ' V ' V 2(s + t) 

x e -(*+ s )f c /exp ( y'rf M J °dt'f a (t')J a (^-+u) 



mat 



= _£±i£ lim (-4^~ 4M )-e 4M • 1 = (3.21) 

The minus sign comes from Grassmannality of 8' (7), which corresponds to d^e~ 2r ^ in the 
£?70-expression. In the first equality, a T-ordered exponential becomes a conventional 
exponential in the CFT correlator and in the second equality, we have used (1C.1I) in the 
matter sector, which is essential for J-independence. 

Using this result, the value of the action (I3.16P is 

foo poo /. , \2 1 

S'[* T ]^/ o it I dse ->-L±± = - (3.22) 

which is the same as a D-brane tension. Namely, the vacuum energy of $t is the same 
as that of the tachyon vacuum solution [HI [H] in the original theory. 

3.2 Half-brane solution 

Let us consider the vacuum energy for &h (I2.25p . Namely in (13. ip . we use 

1 1 G 

f ' = TTiG = T+K J ~ l TTv- (3 ' 23) 
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Wc note that 



(<5'( 7 H)5' (7(^)7(2/1)7(2/2)) = ~ ^ z)3 ( 2wz + 22/1^2 - (w + z){ Vl + y 2 )) , (3.18) 
in the /37-sector, which can be derived from the £?y0-expression. 
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Noting the structure of the Chan-Paton factor, we have 

S'l$ H ] = l(-A 1 + A 2 ), (3.24) 
o 

Ai = (cG'Bc,Q'(cG'Bc))', A 2 = (cG'BcG' ,Q'{cG'Bc)Gj , (3.25) 
where we have used the notation: 

1 1 roc poo 

(<&,¥)' = {(S^^*^-^)) = jf dtjf d S e-*-(($ e -^'*e-^'». (3.26) 

Some relations in worldsheet supersymmetric transformation investigated in [17] hold in 
the following sense: 

«<?'•■•» = ^«*'(- ■■)», #Q[ = %V, = (3.27) 

= + (-l) F (*)$(5'tf). (3.28) 

Using the above, A\ and A2 given in (13. 25ft are rewritten as 

A 1 = -( 7 2 , c#')' + 5(7 2 , cdaB)' - 4( Cj B 7 , 7 lf'c)' 

+ 2(£c7, dcry)' - 2( Cj B 7 , 87c)' + 2( 7 , ATV)', (3-29) 
A 2 = (5 7 2 , tf'cflc)' + A(B C1 K\ c-fK')' + 2(5c07, c 7 A w )' - 2(^7^0, cyK')' (3.30) 

+ (£7<9 7 , cdc)' - (7 2 , K'cif')' - ( cB l, d^dc)' - 2(087, d 2 jc)' + ( Cj B 7 , 7 <9 2 c)', 

respectively. To evaluate each term explicitly, following formulas are useful: 

((Bce-^'ce-sx'je-tx'je-^')) = cos f , (3.31) 

({Bce-rK'^'ce-^e-^)) = cos ^±^, (3.32) 

((5ce--'7e-^'7e--'ce--')) = ~ ^±^ cos ™ (3.33) 

(T = r + s + t + u), which are computed as (I3.2ip . We should note that these values 
are the same as undeformed ones, namely K' — >■ K thanks to the identity (jC.ip in the 
deformed matter sector. Using these formulas, it turns out that 

3 24 9 24 1 

4l = 4-^' M = ^- 2 -- v ^[<M = A. (3.34) 

7T^ 7T 4 27T^ 7T 4 47T Z 

Therefore, the vacuum energy of is a half of that of $t, namely, S'[$h] — \S'[^ T ] 
from (I3.22p and thus we call § H a "half-brane" solution as in [T7] . 



4 Gauge invariant overlaps for the solutions 

In this section, we evaluate gauge invariant overlaps for solutions $t (I2.24p and ( I2.25P 
in the theory with the action ( 12.21(1 . Here, we define a gauge invariant ((<&)) v for a string 
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field $ after [T7] as 

(($»v4%(^(i)|$», (4.1) 

where V(i) denotes a midpoint insertion of a closed string vertex operator in the NS-NS 
sector of the form ccS^S^V^z, z) and V m (z, z) is a superconformal matter primary 
field with dimension (1/2,1/2). The above (14. ip is given by replacing Y_2 with V{i) in 
(1A.2I) . Because of the Chan-Paton factor 03, only the GSO(+) sector of a string field $ 
gives nontrivial contribution. 

In general, for a solution $j/ (12.231) to the equation of motion (12.221) . the value of the 
above gauge invariant overlap is calculated as 

P/'»v = ({c^jBcf'U (4.2) 

where we have used 

(($tf)) v = (_i)W*)+^(*))W*)+^W)^$)) Vj (4.3) 

«Q'(---)»v = 0. (4.4) 

The first equation implies the cyclic symmetry and the second equation comes from the 
gauge invariance. 



4.1 Tachyon vacuum solution 

In the case of $t (I2.24|) . that is, the case of /' = j^r, the gauge invariant overlap (14. 2p 
is simplified as 

i r°° 

«*t»v = (( c Tq^7))v = J dte-\(ce- tK ')) v . (4.5) 

Using relations 

1 -{C' G - £j)c = -c, 1 -{C' Q - C'^K 1 = K\ (4.6) 

where C' Q = {Q 1 , Bo} and C — £' Q is a derivation with respect to the star product of string 
fields, we have 

ce- tK ' =t 1+ ^- c 'o\ce- K '). (4.7) 
In addition, we have the equations 

<J|V(i)(B -flJ) = 0, <I|V(i)(4 -£?)=(), (4.8) 
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where the second equation is derived from the first equation (see for example) and 
(IP]) . Therefore, and (gSD imply 



lce- tK ')) v = t((ce~ K ')) v , 



and the integration with respect to t in (14.51) can be performed explicitly: 

POO 

<($ T »v= / dte- t t({ce- K ')) v = ((ce~ K ')) v . 



(4.9) 



(4.10) 



For computation of e K ' , we can apply (13.151) as in the case of the evaluation of the action: 



.71", 



$ T )) V = -(0|V(ioo)f/ 1 c(^)e-5 c Texp( - I du I dt 1 ' f a (t')J a (it' + '-u) ) |0) 



7T 



7T 



1 />oo 



1 J — oo 



7T 



7T 



7 V(zoo)c(J)exp I / du / dt' f a (t')J a (2it' + u) 



Furthermore, using the ghost structure of the closed string vertex 

V(i) = c(2)c(-05( 7 (^))5(7(^))K 1 (2, -i), 
the above is computed as 



(4.11) 



(4.12) 



e 2 U 



lim 

7T M^oo 



.71", 



(5(7(iM))5(7(-zM)))^ 7 (c(zM)c(-zM)c(-)) 6c 



x (exp / / dt'f a (t')J a (2it' + u) V m (iM,-iM) 



mat. 



e 2 U 



,2M 



Jim— (exp(/ du / dt' f a {t')J a {2it' + u) ) V m (iM,-iM)) .(4.13) 



mat 



Generally, this value depends on J a and V m in the matter sector. 

In order to perform further explicit calculations, let us consider the case of (ID.5j) for 
a closed string vertex in the gauge invariant overlap and f a J a = fJ = f^/^dX 9 , i.e. 

Z^j clS 3j supercurrent, for the identity-based marginal solution 
(12 .11) . We expand the exponential in (14. 13f) as 



_ oo 

e ? 



T//V - 

where In is the n-th order term of J: 

JIM 



7i 



(4.14) 



n=0 



j(fco) = ! lim £L 

n n! m-^oo 4 



dw / dt / /(t')J(2it' + u) V m (iM, -iM) ) . (4.15) 
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In the case of the lowest order term, Jg fc9 ^ corresponds to the undeformed background and 
it is computed as 



r(*9) 



e 2M , 

Jim ( e i;k 9 x 9 (iM) e -i;k 9 xV(-iM) 

M->oo 4 

lim 



= --. (4.16) 

m^oo 4 sin(2zM) 2 v y 

To evaluate the other terms, following relation among CFT correlators, which is similar 
to (IC.4D . is useful: 

J(z)J{zi) ■ ■ ■ J(z n )V m (w,w) 



n 1 

y~] . 2/ ~ — ■ • -J{zi-i)J{zi+i) ■ ■ ■ J(z n )V m (w,w) 
r~ j' sm (z — Zi) 



+ 



cos w 



COS w 



2 cos 2 V sin( z — w) sin( 2 — w 



J{zi)---J(z n )V m (w,w)). (4.17) 



Then, we have 



jf 9) = lim 

A/-+OO / 7T 

' 2 



d« / dtf(t) 



e 2M I % 



4 \y/2a 



:dX 9 {2it + u)e 



ik 9 X 9 (iM) e -ik 9 X 9 (-iM) 



lim 

M->oo 



du I dtf(t) 



k q \/2a' cos iM 



2 cos(2i£ + u) Vsin(2it + u - iM) sin(2zt + it + iM) 



JIM 



K £_ / e ffc 9 X 9 (iM) e -|fc 9 X 9 (-iA/) 



mkgV2a! I dtf(t) J<f s) = If s) 4* 9) 



(4.18) 



for the first order and 



r(fe») 



^ / efoti / dtijitx) I dw 2 / dt 2 f(t 2 ) 



k 9 \/2a' cos iM ( 



r(*o) 



sin 2 (M! - w 2 + 2z'(ti - t 2 )) ° 



A/'->ooi 2 cos(2zti + iti) \sin(2ztx + Ui — iM) sin(2zti + iti + iM) 



,2JU 



(fo) 7-(fc9) 



dX 9 (2it 2 + w 2 ) 



fe g X 9 (jM)^-4A:9X 9 (-iM) 



h + -(l\ 



(k 9 )\2 \ Akg) 



[ 



for the second order, where we have used ( IC.6P and 

r 2 /-co 



2 /"OC 

/ 2 = y dt(/(t)) a = |c. 



(4.19) 



(4.20) 
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(( I3.8p is used for the last equality.) In the same way, higher order terms can be computed 
and the results for even order terms and odd order terms are given by 

n 

A k 9) _ Ak9) T n-lf f(kg)^2l (AOT\ 

n— 1 -. 

7-(fcs>) _ r( fe fl) T n-l-l( f(k9)\2l+l (A 00\ 

hn-1 ~ A) Z. (n _l_/ )!(2 / + l)! J 2 ) > 

respectively Thus the gauge invariant overlap is calculated as 

«* T » V = £Z! f = tZisM*'^ = I e /!"'4*») = JL e -?». ,4.23) 

7T z — ' 7T 7T Z7TZ 

n=0 

The exponent of the above can be rewritten as 

= nrkgVM I" dtf(t) = nrk 9 Vrt [ —F(z). (4.24) 
J-oc Jc h 2vrz 

r(^9) ■ o 

Therefore, the phase factor e 1 , which is induced by a current J = ^^9X , is exactly 
the same as that in (1D.9j) obtained by a different method. It corresponds to the phase 
factor appeared in [2j [7J in the case of bosonic SFT. 



4.2 Half-brane solution 

In the case of (12.251) . or /' given in (13.231) . the gauge invariant overlap (14. 2 p is simplified 



as 



poo 

p H »v = -((cG'Bc-^— )>v = - / dte- t ({cG , BdC?e- tK ')) Vl (4.25) 

thanks to the structure of Chan-Paton factor. Using ( 14. 6ft . ( 14.8}) and 

i(£' - d)B = B, \{C' Q - C$)(? = \g\ (4.26) 

t^-^\cG'BcG'e- K ') = cG'BcG'e- tK \ (4.27) 

-cK'e- K ' = 1(4 - £j)(«r*') + ce" x ', (4.28) 

which are a deformed version of relations in [17], the integration with respect to t in (I4.25[) 
can be explicitly performed and ( I4.25P is simplified as 

(($h»v = -{{cG'BcG'e- K ')) v = -((cB(cK' + 2i 1 G , )e~ K ')) v 

= -(((cK 1 + 2icB 1 G')e- K ')) v = «(c + 2ic 1 BG')e' K ')) v . (4.29) 
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Furthermore, noting 

±(B -Bl)K> = B, 1 -(B -Bl)B = 0, l(£ -^)c = 0, 1 -{B - Bj) 7 = 0, (4.30) 

for a derivation O — B\ with respective to the star product, the second term of the last 
expression in (I4.29P is calculated as 



2i(( C1 BG'e- K ')) v = 2i{{G' C1 Be- K ')) v = i{{5' (cyBe~ K ')))v 
= ((-2 1 2 BG'e- K '+ l -cdcBe~ K ')) v = (((Bo - flj) Ue~ K ' - \cK'ce~ K ^ - \ 



2 ce 

-l((ce- K ))v. (4-31) 



2 

Therefore, (14. 29ft can be rewritten as 

«*h))v = \ice~ K '))v 
— -c , 



2tt 



V(zoc)c(|) explj'du j dt'f a (t')J a (2it' + u)\\. (4.32) 



This value is just a half of (14. lip , namely, ({$h))v — |((^t))v- We notice that this relation 
itself does not depend on details of J a and in the matter sector. 



5 Concluding remarks 

We have considered a version of "GKBcy algebra" in the theory around an identity-based 
marginal solution which is made of supercurrents associated with a Lie algebra in the 
matter sector, in modified cubic SSFT. Corresponding to a deformed BRST operator Q', 
string fields G and K are deformed to G' and K', respectively. Using these ingredients, we 
constructed a tachyon vacuum solution $y and a half-brane solution and evaluated the 
vacuum energy and gauge invariant overlap for them. The values of the vacuum energy 
for these solutions are exactly the same as those of the tachyon vacuum solution ty? and 
the half-brane solution \1/ h in the original theory, respectively. Namely, S"[<£y] — S[^t] = 
2S[^ H ] = 2S'[$ H ] holds, where we note the relation: S"[$] = S[$ + ^ja 3 ] - S[^ja 3 ] 
( 12.211) in general. By introducing a parameter s in the weighting function: F a (z) — > sF a (z) 
and taking a differentiation of the action and integration from s — to s — 1, we can 
show S[&t + ^703] = 5[^r] and S[$h + ^703] = S^if] in the same way as in [2]. 
Therefore, from consistency, the vacuum energy of vanishes: iSf^era] = although 
direct computation of Sf^jds] is difficult due to singular property of the identity state. 

The values of the gauge invariant overlap for both of $^ and change according 
to the marginal current in However, the relation between them: {{<&h))v = §((^t))v 
holds as in the case of the original theory. If we take a closed tachyon vertex for a Dirichlet 
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direction as the matter part of V and dX 9 as a current J, a phase factor appears in the 
gauge invariant overlap and it is consistent with the effect caused by a field redefinition 
induced by 

These results in the above support the expectation that the identity-based solution 
corresponds to a marginal deformation and they are an extension of results in [2] for 
bosonic SFT to modified cubic SSFT. 

If we take a zero momentum graviton vertex ip^ip u as a matter part of closed string 
vertex and J ~ dX 9 in the gauge invariant overlap, the values for $t and is exactly 
the same as and in the undeformed background, respectively (i.e. (($t))v = 
((^r))v = 2((^h))v = 2(($,f/))v), which can be proved in the same way as the evaluation 
of the action thanks to fIC.ip . These are reminiscent of the relation between the energy 
and the gauge invariant overlap in bosonic SFT [27]. 

In this paper, we considered the NS sector without GSO projection and as a closed 
string vertex for the gauge invariant overlap, we have only considered the NS-NS sector. 
It may be interesting to investigate gauge invariant overlaps for closed string vertices in 
the R-R sector. 

Here, we have considered a theory only around an identity-based marginal solution 
in SSFT and we found that G'K'Bcy algebra has the same algebraic structure with 
undeformed GKBcy algebra. If we consider a theory around another type of identity- 
based universal solutions found in [28], we expect that the algebraic structure might be 
changed when a homotopy operator exists. Using such an algebra, vacuum energy and/or 
gauge invariant overlap might be evaluated directly. 
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A A brief review of KBc algebra and its extension 

Here, we summarize some results on a supersymmetric extension of KBc algebra devel- 
oped in [TTJ and we list our convention and notation in this paper. We consider string 
fields in the NS sector without GSO projection and therefore we introduce Chan-Paton 
factors, which are represented by 2 x 2 Pauli matrices: <Xj (i = 1,2,3) (and the identity 
matrix implicitly). There are four sectors corresponding to Grassmann parity (e) and 
worldsheet spinor (F) and we assign Chan-Paton factors as in Table [lj The NS action 
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Grassmann parity (e) 


worldsheet spinor (F) 


Chan-Paton factor 


even 


even 


1 


odd 


even 


0"3 


even 


odd 


02 


odd 


odd 


0"! 



Table 1 : Assignment of the Chan-Paton factor 



S[^>] is written as 

sm = l((*Qn + l((* 3 )), (a.i) 

where we omit a symbol for the star product among string fields and ((•)) includes a trace 
for 2 x 2 Chan-Paton matrices and a picture changing operator with picture number (—2) 
denoted by Y-%: 

((A)) = \^{a,(I\Y_ 2 A)). (A.2) 

Here, (I\ is the identity state and we denote Q = Qb&3 in (1A.1I) . The NS string field \l/ 
in the action flA.lj) can be expanded as 

* = * + a 3 + *-a2, (A.3) 

where (^-) is in the GSO(+) (GSO(— )) sector. In general, we have 

Q($^) = (Q$)tf + (-l) e (*)+ F (*)$(Q^r), (A.4) 
= (A.5) 
<(Q(---)» = 0. (A.6) 

In this paper, we define Y_ 2 in (1A.2j) using two inverse picture changing operators: 

r_ 2 = y(i)y(-i), y( z ) = c^s'^z)). (aj) 

In the above convention, we define string fields K,B,c as 

K=^-K[I, fl = ~Bfl<7 3 , c = -c(l)Ia 3 = -U 1 c(0)\0)a 3 . (A.8) 

Z Z 7T 7T 

In the above, A'f, -Bf , C/i are defined as in [25] : 

■K'f' = {Qb,^}, J B 1 L = i J Bi + -(^o + 4) ) U r = U}U r , U r =(-) , (A.9) 

Z 7T \ r / 

00 of— l N ) fc+1 

5x = &_! + &!, ff = b + Yl 4k 2 _i b ^ £o = {Qb,B }, (A.10) 

k=l 
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and c(z) = (cosz) 2 c(tanir) is c-ghost in the sliver frame. 
Similarly, we define G, 7 in the case of superstring as [17| : 



G = Q L la u 7 = -^7(1)M = J-t>i7(0)|0)a 2 , (A.li; 

'7T V 7T 



where 'y(z) = (cos 2;) 7 (tan z) is 7-ghost in the sliver frame and 

Sl = \(6 + 6'), (A.12) 

e * - / tS zVTT ^ 2G(z) = \/lfi C- 2 ) c *- (A - i4) 

Here, f M = r ( s+ ^|^ 1 j s+1 ) is a binomial coefficient and G> = [Qb, /?r] is a superconformal 
generator. Actually, £ can be rewritten as 

£=yf [Qb,/Li], (A.15) 
where is a mode of (3(z) = (cos 5) ~ 3 (3 (tan 2) in the sliver frame: 

= / SP^^' = J (?) < A ' 16 > 

From explicit computation using mode expansions, we find that Q,B and j3_i satisfy 
Then, noting [0,£j] = |£, Q B |7) = and B \I) = Sj|J), we have 



= 2 £ <^£|0> = 0, (A.18) 
^_i|/) = y|{^So-^}|/)=0. (A.19) 

Among the above string fields, i.e., G, K, B, c and 7, we have following relations: 

Bc + cB = 1, G 2 = K, B 2 = 0, c 2 = 0, (A.20) 
QB = K, QK = 0, QG = 0, Qc = cKc-^ 2 , (A.21) 
BG = GB, BK = KB, GK = KG, £7 + 75 = 0, 07 + 70 = 0. (A.22) 
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Furthermore, worldsheet supersymmetry transformations of string fields are given by 

<5c = 2z 7 , 8j = ~dc, 5G = 2K, 5K = 0, 5B = 0, (A.23) 
where d and 5 are defined by 



<9$ = K<& - <&K = ^Ki$, 5^ = G^>- (-) F($) $G = (0<n)$, (A.24) 
which satisfy the relation S 2 = d. 



B An expansion formula 

We consider a generalization of a well-known formula, 

5{e x ) = f 1 dae (1 - a)x {5X)e aX . (B.V 
Jo 

Namely, by expanding as 



oo 



e x+sx = e x 



+ J2(e X+SX )\o((sx ) » ) (B.2) 



N=l 



for [X, SX] in general, we will find a similar expression as (IB.lj) for the order (SX) N 

\o((8X)N). 



term: (e x+sx )\o((sx) N )- By a straightforward expansion, we have 



X+5X )\o((6X)") = ~\( X + SX Y\o«6X)«) 
n=0 

oo 1 n—Nn—N—ki n.— JV—fci— fa fejv-i 

j^X] Yl "' X X fcl (5X)X fc2 (5X)---X fcjv (5X)X r 

n=JV n ' fci=0 fe>=0 fcjv=0 
oo oo oo 1 

V V V -X ko (5X)X k U5X) ■ ■ ■ X kN - 1 (5X)X kN . (B.3) 



-n— N— fci— ki kf 



fc =0fci=0 k N =0 

Noting B(p, q) = J* dt(l — = ^v°p+q')' > and comparing coefficients, we find that 

the above can be rewritten using integrals: 

f„X+5X\\ 

l e )\o((sx) N ) 

= duJ du 2 ---\ du N e {1 - Ul - U2 "- UN)x {5X)e UlX {5X)e U2X ---{5X)e UNX . 
Jo Jo Jo 

(B.4) 
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C J-independence in the matter sector 



In this section, we demonstrate a formula 



e-^( eX p( / du I dt'f a (t')J a (— + u) 



(C.l) 



mat 



which is essential to evaluate the vacuum energy for $t (12.241) and (12.251) . The above 
result was also used in [2] in the context of bosonic SFT. 

Let us define I n as the order of J n in the above (■••), namely, 



L = 



i r* 



2 



duij dhf ai {ti)---\ du n \ dtJ an (t n )^(^ + u 1 )---J a -(^ + u n ) 



(C.2) 



To evaluate I n , we note the identity among CFT correlators: 
(J'(z)J"'(z 1 )---J°~(z n )) 



i=l 



(J a ^ Zl ) ■ ■ ■ J a ^{ Zi ^)J^{z i+1 ) ■ ■■J an {z n )) 



J \ 



/ j b (z l )j^( Zl ) ■ ■ ■ r^( Zi ^)j a ^(z i+1 ) ■ ■ ■ r-{ Zn )) 



Z — 2, 

which follows from the OPE (12 .5]) . In terms of the sliver frame, we have 
>(5)J ai (5i)---J a "(5 n ) 
1 1 



(C.3) 



£ 

i=i 



sin (z — zi) 2 



n aa > < rHzA ■ ■ ■ r'-Hzi^j^+Hz. 



COS Zi 



i+l, 



^f aa \ ( J\zi) J ai (zi) ■ ■ ■ J a ^{ Zi -i)J ai+x {zi + i) ■ ■ ■ J an (z n ) 



cos z sin u — Zi 



Using the above identity and some relations in (I2.6p . (12 ,7p . we have 



7T 



J = l, Ji = 0, h = -CT, J 3 = 0, 



where C is defined in (13. 8 p and we have used [2]: 
2 o?Mi f* du2 1 



Li 7T J_z. 7r sin 2 (n! — u 2 + 1iit\ — t 2 )) 
In order to evaluate I n in general, we define 



5{h-t 2 ). 



■ (C4) 



(C.5) 



(C.6) 



= -J* du 2 l dt 2 f a2 (t 2 ) 



in 



du n / dt n f an (t r , 



such as 



Then, we have 



x ( + u 2 ) ■ • • + u n ) ) , („ > 1) (C.7) 



' duj dtf ai (t)C(— + u). (C.J 



9it 7T 

if(z) = o, + = -w b /ut). (c.9) 



Using mathematical induction with relations in (1C4[) . ( 12. 6 p and ( 12. 7p . we can show 



4 a (^ + «) = +«)4- 2 = -^cr 6 / 6 (t)i n _ 2 . (C.io) 

i n 1 nz 

This implies 7 n = -I 2 I n -2 an d hence 
2 m 1 

/ 2m = T^TT^o = -r/ 2 m , Wi = 0, (m = 0, 1,2,3, •■■) (C.ll) 
(2m)!! ml 

from ()C.5p . Using the above results, we have 

oo oo . 

n=0 m=0 

which is equivalent to (IC.ip . 



D On the gauge invariant overlap and field redefini- 
tion 

In this section, we comment on a relation among the gauge invariant overlaps for string 
fields related by a field redefinition, induced by the solution ( 12. ip . In the following, we 
consider u(l) supercurrent in the 9-th spatial direction: J(z, 6) = ^ 9 (z) + 9^=dX 9 (z) for 
the identity-based marginal solution tyj for simplicity. Then, the BRST operator Q' (12. 8p 
at the solution \P j ( 12. ip can be rewritten as a similarity transform from the conventional 
BRST operator Qb as [Ej: 

Qi = e ^ X{F) Q B e^ XiF \ (D.l) 
where X(F) is given by an integration along a unit circle: 

X(F) = j^-F{z)X\z). (D.2) 
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Therefore, in the NS action around (I2.2ip . a field redefinition: 

$ = e^ X{F) & = e^ XL[F)1 '*$' * e ~^ XL{F)1 ', (D.3) 

where 

X L {F) = / — F{z)X\z), (D.4) 

Gt. 



gives the undeformed NS action with respect to a string field In this sense, the solution 
^ j (12. ip induces a field redefinition flD.3j) . 

Let us consider the effect of (ID. 31) for a gauge invariant overlap. In order to do that, 
we take 

K n (^,-^) = e^ x9 «e-^ 9 (-) (D.5) 

in (14. ip . where the on-shell condition: (k 9 ) 2 = 2/a' is satisfied, and it corresponds to a 
closed tachyon vertex for a Dirichlet direction. Furthermore, noting F(—l/z) = z 2 F(z), 
we expand F(z) as 

oo 

f{z) = J2 f™( z ~ m + (-i) m+ ^ m )* _1 - (d.6) 



m=l 



Then, we have 



(I\V(i)X(F) = -4a'k 9 2 l LT 1 ( J I V ^ = / ^7 F ^ J I V «> ( D ' ? ) 

n=l 71 

because the X 9 sector of (I\V(i) is proportional to [7J [25] 

(0| exp (- B-ir^) 2 - E ^^^^ ^^-i) • ( D -8) 

\ n=l n=l / 

Using ( lD.7p . the gauge invariant overlap for $ ( 1D.3h is evaluated as 
«*»v = ^Tr(a 3 (/|V(*)e^ X(i V>) 

= exp^W^^ ^Lf(z)) ({&)) v . (D.9) 

Namely, the solution tyj ( 12. ip induces a phase factor in the above gauge invariant overlap. 
In the case of bosonic SFT, such an effect was derived in [7]. 
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